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Cohesive discretization & forces (applicable to shells)
Cohesive 
stress
Damage internal 
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Initial shift
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Cohesive discretization by a node-to-node 
element
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Figure 13: Displacement/Load results for the two specimens.
JR = 1 N/mm (end cohesive tail)
70 N/mm2
JR = 10 N/mm (end cohesive tail)
70 N/mm2
Figure 14: Specimen #1: cohesive tails for JR = 1 N/mm and JR = 10 N/mm. Similar tails are obtained for
specimen #2.
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Properly implemented
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Configurational forces and moments for the direction
• Full and localized rezoning and remeshing approaches [16, 21, 5, 10], numerous local displacement [36, 35,
28, 32] (or strain [38, 2]) enrichments, clique overlaps [27], edges repositioning or edge-based fracture with
R-adaptivity [34];
• Element erosion [43], smeared band procedures [37], viscous-regularized techniques [25], gradient and
non-local continua [41];
• Phase-field models based on decoupled optimization (equilibrium/crack evolution) with sensitivity analysis
[18].
For finite strain simulations, each one has particular advantages and shortcomings, most well documented.
However, numerical experimentation is the key for obtaining sound conclusions. Specifically, the extended finite
element method (XFEM) by Belytschko and co-workers [15, 36, 11] was used previously but still poses challenges
for large amplitude displacements (this is particularly important for quasi-adiabatic shear bands). Densification
of the Jacobian matrix occurs due to pile-up of degrees-of-freedom for nodes contributing to multiple cracks.
If nc cracks are present in elements in the support of a given node, this has (1 + nc)nSD degrees of freedom
where nSD is the number of original degrees-of-freedom per node; this produces a fill-in in the sparse Jacobian
contrasting with remeshing that retains sparsity along the analysis. The adaptation of classical contact and
cohesive techniques to deal with enriched elements is of debatable scientific value. It is worth noting that large
amplitude displacements are managed (see, e.g. [31]) by XFEM if neither contact nor cohesive forces are present.
Di culties in XFEM are often mitigated at the cost of intricate coding. As a consequence of these di culties,
typically idealized examples are displayed. Features are then added, such as crack face friction, coupled heat
transfer, etc. From the enumerated options, it is often pointed out that local remeshing techniques lead to
ill-formed elements (in particular blade and dagger-shaped triangles) which compromise the solution accuracy.
These ill-formed elements motivate, besides other aspects, the use of full remeshing. Recently, we proposed a
new methodology to attenuate this (cf. [5]). In the present work, we further simplify the solution by moving
edges so that they align with the predicted crack path.
The work is organized as follows: Section 2 presents the principle of virtual power for cracked bodies with
cohesive regions, Section 3 shows the virtual crack closure technique for determination of energy release rate, the
cohesive discretization and both the initiation and propagation algorithms. Section 4 presents seven examples of
fracture where comparisons with experimental results and alternative techniques are made. Finally, Section 5
shows the conclusions
2 Material forces
Material form of equilibtium
The Eshelby stress tensor is given as (interpreted as the configurational Cauchy stress tensor)
⌃ =  I   F TJ F T (1)
which is called the stress relation (cf. Gurtin ).
The configurational form of equilibrium is given by:
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Eshelby stress relation (Gurtin)
• Full and localized rezoning and remeshing approaches [16, 21, 5, 10], numerous local displacement [36, 35,
28, 32] (or strain [38, 2]) enrichments, clique overlaps [27], edges repositioning or edge-based fracture with
R-adaptivity [34];
• Element erosion [43], smeared band procedures [37], viscous-regularized techniques [25], gradient and
non-local continua [41];
• Phase-field models based on decoupled optimization (equilibrium/crack evolution) with sensitivity analysis
[18].
For finite strain simulations, each one has particular advantages and shortcomings, most well documented.
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transfer, etc. From the enumerated options, it is often pointed out that local emeshing techniques lead to
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Weak form
Discretized form
Configurational forces and moments
• Full and localized rezoning and remeshing approaches [16, 21, 5, 10], numerous local displacement [36, 35,
28, 32] (or strain [38, 2]) enrichments, clique overlaps [27], edges repositioning or edge-based fracture with
R-adaptivity [34];
• Element erosion [43], smeared band procedures [37], viscous-regularized techniques [25], gradient and
non-local continua [41];
• Phase-field models based on decoupled optimization (equilibrium/crack evolution) with sensitivity analysis
[18].
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Analysis/Initiation/Propagation algorithm
Performs propagation
Initiation flag?
Propagation flag?
Performs initiation
Elastic unloadingPropagation flag?
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Time increment policy
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MPC-based Newton-Raphson
until convergence
Initiation flag?
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Key points to retain:
Unloading necessary for “hard” 
elasto-plastic problems
Careful step size adjustment
MPC discussed in FEAD paper
Trial-tested routines
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Element technologyTriangle based on polar-decomposition
Quadrilateral based on Petrov-Galerkin  
approach (Areias CM, CMES)
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2D benchmark exercises
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(a) Relevant data for Bittencourt’s drilled plate.
(b) Specimen #1 deformed mesh (triangles and quadrilaterals) with local refinement. Coarse
triangular mesh contains 9126 nodes and 17812 elements and the coarse quadrilateral mesh
contains 9062 nodes and 8841 elements. The uniform triangular mesh is also shown (51299
nodes and 101541 elements).
Figure 10: Bittencourt’s drilled plate: geometry, boundary conditions and material properties. Geometry
parameters a and b vary according to the specimen. Results shown for specimen #1.
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1) Bittencourt,  Ingraffea, Wawrzynek and Sousa EFM 1996 
Figure 11: Bittencourt’s drilled plate. Results shown for specimen #2. Triangular mesh contains 16082 elements
and 8248 nodes. The quadrilateral mesh contains 12565 elements and 12850 nodes.
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(b) Specimen #2
Figure 12: CMOD/Load results for the two specimens.
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Figure 13: Displacement/Load results for the two specimens.
JR = 1 N/mm (end cohesive tail)
70 N/mm2
JR = 10 N/mm (end cohesive tail)
70 N/mm2
Figure 14: Specimen #1: cohesive tails for JR = 1 N/mm and JR = 10 N/mm. Similar tails are obtained for
specimen #2.
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Figure 21: Four-point bending of a concrete beam: geometry, boundary conditions, multipoint constraints
( uB =  uA) and material properties. Also shown is the final deformed mesh 50⇥ magnified with the attached
cohesive stress vectors.
b = 200 mm
c/b = 0.8
Experimental envelope (Bocca et al. 1991)
Present model
Figure 22: Four-point bending of a concrete beam: crack paths compared with the envelope of experimental
results by Bocca, Carpintieri and Valente [17].
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3)Four point bending test (Bocca, Carpintieri and Valente IJSS 1991)
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Figure 23: Load-displacement results, compared with the results of Bocca et al. [17] and the cracking particle
method of Rabczuk and Belytschko [39] (for the case b = 200 mm) with their 68000 particle analysis.
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